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A number of Banach space properties have previously been shown to imply the
weak fixed point property. We investigate various connections between these
properties.  2001 Academic Press
1. INTRODUCTION
Ž .A Banach space, X, satisfies the weak fixed point property w-FPP if
every nonexpansive mapping, T , on every weak compact convex nonempty
subset, C, has a fixed point. Over the past 30 years or so, a number of
Banach space properties have been shown to imply the w-FPP, such as
Ž . Ž .Opial’s condition, weak normal structure, property K , R X  2, and
Ž .    property M . The relevant papers are, respectively, Opial 13 , Kirk 10 ,
     Sims 15 , Garcıa-Falset 4 , and Garcıa-Falset and Sims 5 . Section 2 gives´ ´
the definitions and discusses these properties and Section 3 looks at the
interrelationships among them.
2. PRELIMINARIES
The usual line of attack used to prove that a particular type of Banach
space has the w-FPP is to assume the opposite is true. Then using weak
compactness of C and the nonexpansiveness of T , a weak null sequence
with certain properties involving the strong topology can be assumed to
exist. Thus the properties that concern us here are ones that involve weak
null sequences and their relationship with the norm. More specifically, if
 x pi169 0 what can be said about the type lim sup x x where x X ?n n n
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 Opial’s condition, from Opial 13 , states
   if x pi169 0 then lim sup x  lim sup x x for all x X , x 0.n n n
n n
This condition can be weakened slightly to the nonstrict Opial condition
where the strict inequality becomes  , or, alternately, strengthened to
 the uniform Opial’s condition introduced in Prus 14 : for every  0
there is an r 0 such that
 1 r lim inf x  xn
n
  Ž .for each x X with x 	 1 and each sequence x , x pi169 0, withn n
 lim inf x 	 1. Associated with this definition is Opial’s modulus intro-n n
 duced in Lin et al. 11 defined as
     r c  inf lim inf x  x  1 : x 	 c, x pi169 0 and lim inf x 	 1Ž . ½ 5n n n
n n
Ž .for c 0. X has the uniform Opial’s condition if and only if r c  0 for
all c 0.
Next we consider normal structure. A bounded convex subset, C, of a
Banach space X is said to be diametral if for all x C
 diam C  sup x y ,Ž .
yC
 where sup x y is the radius of C about x.yC
Such sets could be considered to be abnormal and hence a Banach space
X has normal structure if it does not contain any nontrivial bounded
convex diametral subsets. Similarly X has weak normal structure if it does
not contain any nontrivial weak compact convex diametral subsets. All
uniformly convex spaces have normal structure. In addition, Gossez and
 Lami Dozo 7 have shown that Opial’s condition implies weak normal
structure.
A well known result that will be used in the next section is that if X fails
Ž .to have weak normal structure then there exists a sequence, x , satisfyingn
x pi169 0 andn
 
   4  4lim x x 
 diam co x 
 1 for all x co x .n n n1 1
n
A slightly different approach to the problem produces the following
property.
Ž .  .A Banach space X has property K if there exists K 0, 1 such that
     whenever x pi169 0, x  1, and lim inf x  x  1 we have x  K.n n n n
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The property remains unaltered if in the definition lim inf is replaced by
   lim sup. Also, the condition that x  1 can be replaced by x 
 1 forn n
all n.
Ž .If K is not the same across X but depends on the sequence x , thenn
Ž . Ž .the condition is called property k . Clearly property K implies property
Ž .   Ž .k . Sims 15 has shown that property K implies weak normal structure,
Ž .though the proof in fact establishes the result for property k . Property
Ž .K with K
 0 is equivalent to Opial’s condition.
Ž . Ž .A condition that can be shown to be dual to property K is R X  2;
  Ž .see Dalby 2 for details. The coefficient R X , introduced in Garcıa-Falset´
 3 , is defined as
     R X  sup lim inf x  x : x pi169 0, x  1 for all n , x  1 . 4Ž . n n n
Ž .So 1 R X  2.
Ž . Ž . Ž . 1 pSome values for R X are R c 
 1 and R L 
 2 , 1 p .0 p
Ž .  Finally, property M was introduced by Kalton 8 in his study of
separable Banach spaces X for which the compact operators form an
M-ideal in the algebra of all bounded linear operators. This was followed
 up in a paper by Kalton and Werner 9 . A Banach space X has property
Ž .    M if whenever x pi169 0 then lim sup x  x is a function of x only.n n n
Ž .Property M is equivalent to
       if x pi169 0, u   then lim sup x  u  lim sup x  .n n n
n n
Ž .Property M implies the nonstrict Opial condition but not weak normal
Ž .structure; c has property M but does not have weak normal structure.0
We require some notation and an explanation of the structure Kalton
 used in his proofs; see Kalton 8 for details. Let N be the family of all
2 Ž . Ž . Ž    .norms N on R satisfying N 1, 0 
 1 and N  ,  
N  ,  for all
k1 Ž .k 4 , . If N , . . . , N  N we define a norm N  N on R 
 1 k 1 k i i
0
by
N N  
N N  ,  , Ž . Ž .Ž .1 2 2 1 0 1 2
and then inductively by the rule
N  N  
N N  N  , . . . ,  ,  .Ž . Ž .Ž .1 k k 1 k1 0 k1 k
Ž . Ž .If N is any sequence of norms in N, then define a space,  N , ofk k
1 k
Ž .all sequences  such thati i
0
  
 sup N  N  , . . . ,   .Ž . Ž .Ž N . 1 k 0 kk
1k
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Ž . Ž . N is a Banach space. Define  N to be the closed linear span of thek k
nŽ . Ž . Ž . Ž .basis vectors e in  N . Then  N has property M . If thek k
0 k k
Ž . Ž .sequence N is constant and N 
N for all k, we write  N and this isk k
Ž . Ž .isomorphic to the Orlicz sequence space h where F t 
N 1, t  1. IfF
Ž . Ž .X is a Banach space with property M then  N is isomorphic to a
subspace of X.
Recall that an Orlicz function F is a continuous non-decreasing and
Ž . Ž .convex function defined for t	 0 such that F 0 
 0 and lim F t 
 .t
Ž .If F t 
 0 for some t 0, F is said to be a degenerate Orlicz function.
For any Orlicz function F we have the space l of all sequences of realsF
Ž .  Ž   .a
 a , a , . . . such that Ý F a 	   for some 	 0. The norm1 2 n
1 n

   a 
 inf 	 0 : F a 	  1Ž .Ý n½ 5
n
1
makes l a Banach space, called an Orlicz sequence space. The subspaceF
Ž .h is the set of all sequences a 
 a , a , . . .  l for whichF 1 2 F
 Ž   .Ý F a 	   for every 	. If F is a degenerate Orlicz function thenn
1 n
h is isomorphic to c .F 0
An Orlicz function F is said to satisfy the 
 -condition at zero if2
lim sup F 2 t F t  .Ž . Ž .
t
This condition is equivalent to l 
 h . For more details see Chapter 4 ofF F
 Lindenstrauss and Tzafriri 12 .
Since the weak fixed point property is separably determined, see, for
 example, Goebel and Kirk 6 , all Banach spaces will be assumed to be
separable.
3. RESULTS
 Proposition 3.8 of Kalton 8 is stated as follows.
Ž .Let X be a separable Banach space with property M . Then for any
infinite dimensional closed linear subspace Y of X there exists p, 1 p
Ž . such that for every  0, Y contains a subspace E with d E, l  1 p
Ž . Ž .when p  or if p
 , d E, c  1  .0
Something somewhat stronger can be stated as the following proposition
shows.
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Ž .PROPOSITION 3.1. Let X be a Banach space with property M . Then
 c  X if and only if there exists x pi169 0, lim x 
 1 such that0 n n n
   4lim x tx 
max 1, t  1 tn
n
 for all t	 0, and all x, with x 
 1.
Ž .  Proof.  From the proof of Proposition 3.9 of Kalton 8 , there
exists x pi169 0 such that for every x X and every tn
     lim x tx 
 x  t .n
n
 Putting x
 0 and t
 1 we have lim x 
 1.n n
Ž .     Let x pi169 0, lim x 
 1, and lim x tx 
 1 t, for alln n n n n
 t	 0, x 
 1.
Ž   .      Let N x , t  lim x tx 
 x  t ,n n
N 1, t 
 1 t , t	 0.Ž .
Then
1, 0 t 1,N 1, t 
Ž . ½ t , t 1.
Ž . Ž .Let F t N 1, t  1 for t	 0. Then F is an Orlicz function and
Ž .h  X. But F t 
 0, 0 t 1 so F is degenerate and h is isomorphicF F
to c . Thus c  X.0 0
Similar, but weaker, statements can be made for l  X, 1 p .p
Ž .It is natural to inquire whether property M implies something stronger
 than w-FPP, for example, weak normal structure. Sims 16 has shown that
Ž .if X is a Banach space that has property M then X has weak normal
structure if and only if there is no nontrivial weak null type which is
identically equal to 1 on B . This result will be used shortly.X
Ž .Recall that c has property M and does not have weak normal0
structure. In fact whether or not X contains c is crucial in this context.0
Ž .If X has property M and c  X then X has two quite strong0
Ž .properties: a KadecKlee norm and property K .
Ž .THEOREM 3.2. If X is a Banach space with property M and c  X0
then X has a KadecKlee norm.
Proof. Suppose X satisfies the conditions in the theorem. Let x pi169 xn
      0 and x  x . Assume x  x  0.n n
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       Now lim sup x  x  lim x  x 
 2 x but using weak lowern n n n
     semi-continuity of the norm, lim sup x  x 	 lim inf x  x 	 2 x .n n n n
So
   lim x  x 
 2 x .n
n
Ž .Property M implies the nonstrict Opial condition which means
     lim sup x  x  lim x 
 x .n n
nn
1 Ž .  Let y  x  x . Then y pi169 0 and lim sup y  1.n n n n n x
Ž   .    Let N u , t  lim sup u ty . Then for u 
 1 and t	 0,n n
 N 1, t 
 lim sup u ty 	 1.Ž . n
n
Ž . Ž . Ž .Let F t N 1, t  1. Then F is an Orlicz function and  N is
Ž .isomorphic to the Orlicz sequence space h .  N is also isomorphic to aF
subspace of X. Hence h is isomorphic to a subspace of X.F
Now
 F t 
 lim sup u ty  1Ž . n
n
x tx txn
 lim sup    1
     x x xn
1

 lim sup 1 t x tx  1.Ž . n x n
So
1 1 1 1
F 
 lim sup x x  1
 0nž /  2 x 2 2n
and F is a degenerate Orlicz function which means h is isomorphic to c .F 0
Thus c  X, a contradiction.0
Ž .THEOREM 3.3. If X is a Banach space with property M and c  X0
Ž .then X has property K .
Ž .Proof. Suppose that X is a Banach space with property M and
Ž .  c  X but does not have property K . Then there exists x pi169 0, x 0 n n
Ž .   1, and y in X, y  1 wheren n
 lim sup x  y  1 for all m.n m
n
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 The nonstrict Opial condition means that lim sup x  y 
 1 for all m.n n m
   Ž .  Since y  1 , property M and the continuity of lim sup x  ym n n
 imply lim sup x  y 
 1 for all y B .n n X
Ž   .    Set N u , t  lim sup u tx . Then for u 
 1 and all t	 0,n n
 N 1, t 
 lim sup u tx 	 1.Ž . n
n
Ž . Ž .Put F t N 1, t  1. Then F is an Orlicz function and h  X.F
Ž .F is a degenerate Orlicz function since F 1 
 0, so h is isomorphic toF
c , a contradiction.0
Ž .COROLLARY 3.4. If X is a Banach space with property M and c  X0
then X has weak normal structure.
Indeed we have the following.
Ž .COROLLARY 3.5. Let X be a Banach space with property M . Then
c  X if and only if X has weak normal structure.0
Proof. We will show that if c  X then X does not have weak normal0
structure. So assume c  X. Then by Proposition 3.1 there exists x pi169 0,0 n
 lim x 
 1 such thatn n
 lim x tx 
 1 tn
n
 for all t	 0, and all x, x 
 1.
  Ž .  For t
 1, lim x x 
 1 for all x S . Property M and lim xn n X n n
 
 1 imply that lim x x 
 1 for all x B . Using the result of Simsn n X
 16 mentioned earlier, X cannot have weak normal structure.
Ž .Is there a similar link between property M and Opial’s condition? The
best result at this stage comes from an interpretation of Theorem 3.10 in
 Kalton 8 which, in effect, states the following.
Ž .Let X be a separable stable Banach space with property M and
suppose that l  X. Then there exists p, 1 p , such that for every1
Ž .weakly null sequence x and every x Xn
  p   p   plim sup x x 
 x  lim sup x .n n
n n
So we immediately have the following.
Ž .COROLLARY 3.6. If X is a stable Banach space with property M and
Ž . Ž p .1 pl  X then X satisfies the uniform Opial’s condition and r c 
 c  11
Ž . 1 for some p 1, .
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The property mentioned above gets a special name. A Banach space X
Ž .has property m , 1 p , ifp
  p   p   plim sup x x 
 x  lim sup xn n
n n
for all x X, whenever x pi169 0.n
Ž .Property m requires
     lim sup x x 
max x , lim sup x½ 5n n
n n
for all x X, whenever x pi169 0.n
   These properties were studied in Kalton 8 and Kalton and Werner 9 .
If a space has the two extreme properties, m and m , you would expect1 
a strong result.
Ž .PROPOSITION 3.7. A Banach space X satisfies both property m and1
Ž .property m if and only if X has the Schur property.
Ž . Ž .Proof. If X has both property m and property m then when1 
x pi169 0,n
         lim sup x x 
 x  lim sup x 
max x , lim sup x½ 5n n n
n n n
for all x X.
     Therefore lim sup x 
 0 or x 
 0 for all x X. Thus lim x 
 0n n n n
and X has the Schur property.
In the other direction assume that X has the Schur property and
 x pi169 0. Then x  0 andn n
       lim sup x x 
 x 
 x  lim sup xn n
n n
   
max x , lim sup x .½ 5n
n
Ž . Ž .Moving on from property M , next we have the notion of R X .
 Garcıa-Falset 3 showed that if X has the nonstrict Opial condition and´
Ž .  R X  2 then X has the w-FPP. At about the same time Prus 14
 produced a similar result. Later Garcıa-Falset 4 was able to drop the´
nonstrict Opial condition.
Ž .If R X takes on the extreme value of 1 then some interesting things
happen.
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Ž . Ž .PROPOSITION 3.8. If R X 
 1 then X has property M .
Ž .Proof. The first step is to show that R X 
 1 implies the nonstrict
 Opial condition. Assume not. Then there exists x pi169 0 with lim x 
 1n n n
 and an x X such that lim sup x  x  1. Weak lower semi-continuityn n
    Ž . of the norm implies x  lim sup x  x so R X 
 1 implies lim xn n n n
 x  1. Thus
     lim x  12 lim sup x  x  lim sup x  x  1,n n nž /
n n n
which is a contradiction.
Ž .      Now for property M . Let x pi169 0 and u    0. Then both n
   and lim sup x are less than or equal to lim sup x  .n n n n
  Ž .Let  lim sup x  . Then by R X 
 1,n n
 lim sup x  u  1,n
n
   giving lim sup x  u  lim sup x  , which is equivalent to prop-n n n n
Ž .erty M .
Ž .COROLLARY 3.9. If R X 
 1 then the following are equialent:
Ž .a X weak normal structure;
Ž .b c  X ;0
Ž .c X has a KadecKlee norm;
Ž .d X has the Schur property.
Ž . Ž . Ž .Proof. Since R X 
 1 implies property M , Corollary 3.5 has a 
Ž . Ž . Ž .  b and b  c follows from Theorem 3.2. Garcıa-Falset 3 proved that´
X has the Schur property if and only if X has a KadecKlee norm and
Ž . Ž . Ž .R X 
 1. This in effect provides c  d .
Ž . Ž .Finally c  b . Assume c  X. Then from Proposition 3.1, there0
 exists x  0, lim x 
 1 andn n n
   lim x tx 
 1 t for all x 
 1, for all t	 0.n
n
   When t
 1, x x pi169 x and lim x x 
 1
 x , so X having an n n
KadecKlee norm means x x  x, x  0, a contradiction.n n
Ž .Thus if R X 
 1 then X cannot be reflexive. This observation can be
Ž .taken a little further if, in addition to R X 
 1, we assume that l  X.1
Ž .Then for any subspace Y we have R Y 
 1 and l  Y so Y cannot have1
the Schur property. Thus c  Y and so X must be c -saturated.0 0
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Ž .There is a tantalizing connection between R X and Opial’s modulus,
Ž . Ž .r c . Of particular interest is r 1 . It is straightforward to show that
Ž . Ž . Ž .  1 1 r 1  R X . So 0 r 1  1. Lin et al. 11 showed that
Ž . Ž . Ž .WCS X 	 1 r 1 where WCS X is Bynum’s weakly convergent se-
Ž  .quence coefficient Bynum 1 .
Ž . Ž . Ž .If r 1 
 1 then WCS X 
 2
 R X and there does not appear to be
any obvious implications.
Ž . Ž .If R X 
 1 then r 1 
 0 and
 0, 0 c 1,r cŽ . ½
 c 1, c 1.
Ž . Ž . Ž .If r 1  0 then R X  1 and WCS X  1 so X has weak normal
structure. This can be shown directly as follows. Suppose X does not have
 weak normal structure. Then there exists x pi169 0 and lim x  x 
 diamn n n
 4  4  co x 
 1 for all x co x . Therefore lim x 
 1 andn n n n
     4r x  1 lim x  x 
 1 for all x co x .Ž . n n
n
Ž .  4  So r x  0 for all x co x . Since lim x 
 1 and r is continuousn n n
Ž .we have r 1  0, a contradiction.
Something stronger can be stated.
Ž .THEOREM 3.10. A Banach space X has property K if and only if
Ž .r 1  0.
Ž .    Proof.  Let x pi169 0, lim inf x 	 1, and x 	 1. Put n n n
 lim inf x  x so 	 1.n n
  Ž .Then x pi169 0 and lim inf x  x 
 1. Property K meansn n n
 . Ž .  that there is a K 0, 1 , independent of x and x, such that x  K.n
   Thus x  K lim inf x  x givingn n
   0 1K 1 x K 1 lim inf x  x  1.n
n
Ž .Therefore r 1  0.
Ž .     Let x pi169 0, lim x 
 1, and lim inf x  x  1. We mayn n n n n
     assume that x 0. Then x  lim inf x  x  1 so x  x pi169 0 andn n n
   lim x  x 	 1.n n
Ž .         Hence r 1  1 lim inf x  x  x x  1 x .n n
1 1  Ž .That is, x   1, so X has property K with K
 .
r 1  1 r 1  1Ž . Ž .
Ž . Ž .Thus r 1  0 implies Property K which in turn implies weak normal
structure.
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Ž .A natural question to ask is: Can r c be used to determine whether X
has Opial’s condition, or has the nonstrict Opial condition? The latter
Ž  .question can be answered in the affirmative see also Xu 17 .
THEOREM 3.11. A Banach space X has the nonstrict Opial condition if
Ž .and only if r c 	 0 for all c 0.
Ž .  Proof.  Let x pi169 0, lim inf x 	 1, and for any c 0, select xn n n
      Ž .such that x 	 c. Then 1 lim inf x  lim inf x  x so r c 	 0.n n n n
Ž .   Let x pi169 0,  lim inf x  0, and x 0.n n n
   If lim inf x  x then by the weak lower semi-continuity of then n
   norm, lim inf x  lim inf x  x and we are finished.n n n n
   Let x  lim inf x . Thenn n
 x x xn
r  1 lim inf ž /  n
 x
  r  1  lim inf x  x .nž /ž / n
   x xŽ .But  0 so r 	 0 and
 
   
 lim inf x  lim inf x  x .n n
n n
Remark. A comparison of Theorem 3.11 with the fact that X has the
Ž .uniform Opial condition if and only if r c  0 for all c 0 shows that
Ž .r c is not discriminating enough to pick up Opial’s condition.
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